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The time spectral method converts a time-periodic flow computation into the solution of 2N � 1 coupled steady

computations,whereN denotes thenumber of harmonics retained in theFourier analysis of theflow.The efficiency of

the method has been previously demonstrated by several authors for compressible flow applications on structured

grids using implicit solution of the large-scale steady system introduced by the coupling. In this paper, the time

spectralmethod is extended to periodic incompressible viscousflowsusing afinite volume formulation of the artificial

compressibility system on general moving unstructured grids. Numerical simulations of low-Reynolds flows over an

airfoil show the time spectral method can afford, though not systematically, a reduction by a factor up to 5 of the

computational cost with respect to a conventional unsteady technique, which computes the whole transient flow

behavior.

Nomenclature

A, B, J = flux Jacobian matrices
Cp = pressure coefficient
CX, CY = force coefficients
c = airfoil chord
F = physical flux
f� = nondimensional frequency, fc=U1
H0 = heaving amplitude
H = numerical flux
N = number of harmonics
Re = Reynolds number
R = residual vector discretizing the flux balance
s = grid velocity vector
t, � = physical and dual time
w = conservative variable vector
x = grid position vector
� = artificial compressibility parameter
� = global cost ratio
�, �0 = angular position and pitching amplitude
! = angular velocity

Subscripts

i = cell index
n = time spectral method nth time instant
1 = freestream value

Superscripts

l = Jacobi iteration counter
m = dual-time counter
n = physical time counter

I. Introduction

T HE design of aerodynamic or hydrodynamic devices often
requires the study of unsteady flow configurations. When this

design process is performed with numerical tools, the so called dual-
time approach represents a well-established way to efficiently
compute unsteady flows. In this approach the unsteady field at each

step of the physical time-marching procedure is obtained as a steady
solution with respect to a dual time step (DTS) [1,2]. This DTS
strategy can also be viewed as finding the solution of the steady (with
respect to the dual time) governing equations of the flow augmented
by a source term corresponding to the discretization of the physical
time derivative using typically a second-order backward difference
formula (BDF). The numerical methods previously available for
steady flows can be readily extended to handle unsteady flows by
simply taking into account this source term. Among the many
industrial flow applications requiring unsteady flow analysis, a large
set of problems involve time periodicity such as helicopter rotors,
wind turbines, flapping-wing propulsion mechanisms as far as
external aerodynamics is concerned but also internal flows within
rotor–stator combinations in the context of turbomachinery
applications. A drawback of the BDF–DTS method for such flows
is that it requires to compute, typically from an initial rest
configuration, thewhole transient of the flowbefore the periodicflow
of interest becomes established. This flaw of the conventional dual-
time strategy motivated the development of numerical methods
looking directly for the periodic solution of the flow. Taking
advantage of the development of the periodic flow solution into a
Fourier series, Hall et al. [3] introduced an efficientmethod dedicated
to time-periodic flows for turbomachinery applications. Following a
similar line of thought, Gopinath and Jameson proposed the time
spectral method (TSM) for external aerodynamics applications [4].
The TSMmethod transforms the original system of (2� d) unsteady
equations describing the d-dimensional compressible flowfield at
each timemoment (two scalar equations expressingmass and energy
conservation and d scalar equations expressing the conservation of
the d momentum components) into an extended set of �2N � 1� �
�d� 2� equations corresponding to the flow solution at (2N � 1)
time moments in the flow period, selected so as to ensure spectral
accuracy for the physical time derivative. To make the method truly
attractive, it is of course crucial to efficiently compute the steady state
of this extended systemof conservation laws. Since, as pointed out by
[5], the explicit time integration of the TSM system displays severe
stability limits when the number of harmonics N increases, several
authors [6–8] have put forward implicit solution strategies. These
allow the use of both large Courant–Friedrichs–Lewy (CFL)
numbers ensuring faster convergence to a steady state and a high
number of harmonicsN that might be needed to accurately described
complex unsteady flows. Up to now, TSM has been used for a wide
range of applications dealing mostly with compressible flows:
turbomachinery [9], rotorcraft [10]. The context of the present study
is the HARVEST industrial/academic joint project devoted to the
development of a cross flow water turbine technology allowing to
harness the kinetic energy of rivers and oceans streams [11]. The
hydrodynamic design of the turbine is currently performed using
both an experimental and numerical strategy. The final objective of
the present work is to improve the efficiency of the numerical design
by replacing the current BDF computations of turbulent flows over
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sea turbine configurations [12] with a TSM approach. This supposes
to adapt the TSM strategy to an incompressible flow solver. A first
attempt in this direction has been recently performed by Jameson
[13] using an artificial compressibility (AC) method but stability
concerns emergedwhen computing high-frequency pitching airfoils.
In the present paper, an implicit TSM strategy is successfully applied
to the computation of two-dimensional incompressible laminar flow
over oscillating airfoils in pitching and heaving motion recently
studied in [14] using a conventional BDF method. Such two-
dimensional laminar configurations represent only a first step
towards the computation of more realistic three-dimensional
turbulent flows over water turbines; they were, however, retained at
this stage because their limited cost allows an in-depth assessment of
the TSM approach proposed in the present work to speed up the
integration of periodic low-speed flows. This approach relies on the
AC method to describe the incompressible flow and an arbitrary
Lagrangian Eulerian (ALE) strategy to describe the motion of the
unstructured computational grids. It is compared with a conventional
BDF approach, also combining AC and ALE, both from the
viewpoint of accuracy and efficiency. The paper is organized as
follows: Sec. II reviews the main ingredients of the DTS–BDF
incompressible flow solver (AC model, ALE formulation, implicit
time integration) and displays validation results obtained for flows
over a pitching and heaving NACA0015 airfoil recently computed
and analyzed by Kinsey and Dumas [14]; Sec. III details the
application of TSM to the AC method, and Sec. IV describes the
adaptation of an implicit treatment developed in [15] to the TSM
system; in Sec. V, the implicit TSM approach is applied to the flow
computation of a pitching and heaving NACA0015 airfoil for an
increasing number of harmonics N in order to determine the best
tradeoff between accuracy and cost (both increasing functions of N)
and check whether TSM can outperform BDF. Conclusions and
perspectives are drawn in the last section.

II. Incompressible Flow Solver

A. Governing Equations

The solution of the incompressible Navier–Stokes equations is
typically obtained using either a pressure-based method where
pressure and velocity are solved in an iterative fashion through a
pressure-correction equation, or a density-based method, such as the
AC approach of Chorin [16]. The latter AC strategy has been favored
in this work to take advantage of efficient implicit methods
previously developed for solving hyperbolic problems [15] and easy
to adapt to the AC system. Let us recall the AC method provides a
time-accurate solution of the one-dimensional Euler equations by
finding the steady state of the following hyperbolic system of
conservation laws with respect to the dual or fictitious time �:
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with x the space variable, t the physical time, p, u the pressure and
velocity, � the constant AC parameter. At steady state on �, the
solution u�x; t� of Eq. (1) satisfies the zero-divergence condition
while both fields u�x; t� andp�x; t� satisfy the unsteady (with respect
to t) momentum equation. Rewriting Eq. (1) in the compact form of a
one-dimensional hyperbolic system with a source term:
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makes clear the AC system can be efficiently driven to an accurate
steady solution by making use of tools initially developed in the
context of compressible flow solutions: second-order upwind
discretization for the flux derivative, second-order BDF discretiza-
tion for the physical time derivative and first-order implicit stage for
fast convergence on the dual time.Note the choice of value for theAC
parameter � affects the overall convergence rate as well as the
accuracy of the physical solution through the numerical dissipation

of the space discretization; however, as long as the steady state on � is
correctly achieved, the AC system remains consistent with the
incompressible flow equations whatever the value of �. Let us now
turn to the AC system extended to the case of two-dimensional
incompressible viscous flows computed on moving grids. Let
��t� 	 <2 be an arbitrary control surface bounded by a smooth
closed contour @��t�whichmoves independently from the flowwith
a velocity s�x; t� � sx�t�i� sy�t�j, where x� xi� yj denotes the
vector of Cartesian coordinates in the absolute frame of reference. In
the ALE framework, the two-dimensional Navier–Stokes equations
for incompressible unsteady flows, modified to account for the AC
method, can be expressed in the following integral form:
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where n is the outward unit normal vector and � the curvilinear
abscissa of @�. The vector of conservative variables w, the singular
matrix K, the inviscid fluxes FE � �fE; gE� and the viscous fluxes
FV � �fV; gV� are defined by
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The pressure p and the components �u; v� of the fluid velocity in
the absolute frame of reference are normalized, respectively, by
�1U

2
1 andU1, with �1 andU1 the freestream density and velocity

magnitude. For the following airfoil flow computations, the
Reynolds number Re� �1U1c=�1 is based on the airfoil chord c.
The next subsection describes the finite volume upwind scheme and
implicit time discretization used in this work to solve the so called
ALE–AC system (2).

B. Numerical Methods

1. Spatial Discretization

System (2) is solved on general unstructured grids using a finite
volume approach. Applying system (2) on a given cell �i,
introducing the average value �w ofw over the cell and decomposing
the flux balance as the sum of fluxes through each face �i;k of cell�i

leads to
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where j�ij is the surface of the ith grid cell�i. The normal physical
flux vector �FE � FV� � n through the face �i;k of length j�i;kj is
approximated by the numerical flux vectorH�HE �HV computed
at the center i, k of the face �i;k:Z

�i;k

�FE � FV� � n d� � �HE
i;k �HV

i;k�j�i;kj �O�hp�

where h denotes a typical grid length. The space accuracy order p
will depend on the choice of polynomial reconstruction used for the
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conservative variable inside each grid cell; a linear reconstruction
will be systematically used in this work leading to second-order
accuracy in space. For this reason and without loss of accuracy, the
average state in cell i is replaced by the state at cell center, denotedwi
from now on. The Roe approximate Riemann solver initially
developed to solve the compressible Euler equations [17] is adapted
to the hyperbolic ALE–AC system (2) and combined with aMUSCL
variable reconstruction approach [18,19] in order to derive the
inviscid numerical flux formula HE

i;k:
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wherewL=R are the reconstructed states, respectively, on the left and
right side of the kth interface �i;k of cell�i,Q

E is the Roe numerical
dissipation matrix. The states at face center i, k are linearly
reconstructed from the cell center values in the cells i and o�i; k�
sharing the face �i;k and the cell gradients rw in each of these cells:�

wLk �wi � rwi � ri;k
wRk �wo�i;k� � rwo�i;k� � ro�i;k�

(5)

where ri;k (respectively ro�i;k�) denotes the vector extending from the
cell center i (respectively o�i; k�) to the center of the interface �i;k.
The gradient rwi is computed at each cell center i using a least-
square formula applied on a fixed spatial support including the
neighboring cells sharing at least a node with cell i [19]. The Roe
numerical dissipation matrix QE is given by

Q E � jAEnx �BEnyj � jJE?j

where n� �nx; ny� and AE, BE are the inviscid flux Jacobian
matrices:AE � dfE=dw,BE � dgE=dw. An immediate calculation
for system (2) yields
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where V? � unx � vny, s? � sxnx � syny. This Jacobian matrix
can be also expressed as JE? � Tj�EjT�1 with �E the diagonal
matrix containing the real eigenvalues of the hyperbolic system (2).
The Roe dissipation matrix is eventually computed as

Q E
i;k � Ti;kj�E

i;kjT�1i;k

with the state wi;k taken as the arithmetic average of wLi;k, w
R
i;k

following Taylor and Whitfield [20]. The viscous fluxes are
approximated using a linearly exact extension of the diamond
method of Noh [21], not detailed here. Let us point out the steady
state of system (2) depends on the AC parameter � through the
numerical dissipation matrix QE. The numerical inviscid flux
balance or residual will be denoted thus, from now on:
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where, in the context of the ALE formulation, the dependence of this
flux balance on the mesh position x and speed s has been made
explicit. Similarly, the viscous flux balance or residual will be
denoted
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with an explicit dependence on the grid position x. Since only rigid
body motion is considered for the moving grid computation
performed in the present work, the cell surface j�ij will remain
constant over time and can be removed from the dual and physical
time derivatives in Eq. (3) to be inserted into the inviscid and viscous
residual Eqs. (6) and (7). The semidiscrete form of Eq. (3) of the
ALE–AC system can also be expressed as
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2. Time Discretization Including ALE Treatment

When dealing with moving airfoils in the ALE reference frame,
two main approaches can be considered for taking into account the
grid motion. The first approach is the rigid body technique in which
all grid points have the same motion as the airfoil. The initial quality
of the mesh is preserved but unsteady boundary conditions must be
implemented that include the grid velocities. A drawback of this
approach is that, for high-frequency pitching movements, relative
velocity of in cells away from the center of rotationmay become very
large leading to excessive numerical dissipation. The second
approach deforms the inner cells of the grid to conform to the
instantaneous position of the airfoil while the outer boundaries are
kept fixed. Deformation can be performed using methods based on
spring analogy, which involve either the solution of a large system of
equations for the displacements of nodes [22,23] and/or a local
remeshing at each physical time step of the calculation [24,25]. In all
thesemethods, a geometric conservation lawmust also be satisfied to
avoid volume discretization errors [26]. The Chimera technique is
yet another alternative for dealingwithmoving bodies thatmakes use
of independently meshed overlapping zones, typically a grid zone
attached to the body and a grid zone for the background domain
[27,28]. While the deforming grid approach is required for
aeroelastic studies or problems involvingmoving bodieswithinfixed
multiblock geometries, it can be avoided for the simple heaving and
pitching airfoils cases treated in this study. Consequently, a simple
rigid body approach is retained with the mesh position x directly
derived from the law of motion and the grid velocity s computed
using the simple analytical relationship

s �t� ���t� ^ �x�t� � xc�t�� � t (9)

where� is the rotational velocity vector, xc the center of rotation and
t the translation velocity vector. For the sake of clarity and without
loss of generality, the DTS resolution is left aside in this section.
Using a second-order BDF for the physical time derivative in Eq. (8)
yields the following second-order discretization of the ALE–AC
system:
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3. Implicit Time Integration

The fully discrete ALE–AC system (10) can also be expressed as
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with the full residual R defined by Ri�wn�1��
RE
i �wn�1� �RV

i �wn�1�, where the dependence on the grid position
and velocity has been omitted for the sake of simplicity. The
nonlinear system (11) is solved using aDTS approach, that is the new
statewn�1 is iteratively obtained as the steady solutionwith respect to
the dual time � of the augmented system:
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where wn;m is the fictitious state at the mth subiteration on �
performed between the nth and �n� 1�th physical time levels. The
initial fictitious state at each physical time level is chosen as wn;0 �
wn and the newphysical state is defined aswn�1 �wn;mmax withmmax

the number of subiterations on � needed to achieve steady-state
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convergence of Eq. (12). The efficiency of the method is ensured by
making use of an implicit dual-time integration:

�wn;mi
��n;mi

��Ri�wn;m�1� � K
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2
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��Rt
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withwn;m�1 �wn;m ��wn;m. Since the solution accuracy (on t and
x) does not depend on the dual-time increment�wn;m which goes to
zero at steady state on �, the full residual Rt

i�wn;m�1� can be
expanded as
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where ��H�i�i;k�n;m �H�i�n;m�1 �H�i�n;m and H�i� �HE�i� �HV�i�

denotes the numerical flux formula retained in the implicit stage.
Since the implicit stage vanishes at steady state this numerical flux
formula does not impact the overall accuracy and its design is
solely guided by stability and efficiency requirements. Following
[24,29,30] the inviscid numerical flux HE�i� appearing in the
implicit stage is simply computed using the first-order Rusanov
numerical flux:

H E�i�
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where ��JE?�i;k is the spectral radius of the inviscid Jacobian matrix
JE? computed at the center of face �i;k. The implicit numerical
viscous flux takes the following simplified form:

H V�i�
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��JV?�i;k
kri;kk � kro�i;k�k

�wo�i;k� �wi� � g��JV?�i;k�wo�i;k� �wi�
(16)

where ��JV?�i;k is the spectral radius of the viscous Jacobian matrix.
More details on the derivation of the implicit viscous flux can be
found in [15]. Inserting the expressions Eqs. (15) and (16) of the
implicit numerical fluxes into the expansion of the residual Eq. (14)
and rearranging Eq. (13) yields the following implicit solution for
the ALE–AC system (10):
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The coefficients Dn;m
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Fig. 1 Views of the computational grid: a) global view and b) close-up on the airfoil region.

Fig. 2 PH test case: a)CX evolution computed using the present BDFmethod and b)CY evolution computed in [14] and using the present BDFmethod.
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with I the identity matrix; note the implicit stage is in fact matrix-
free with a scalar diagonal coefficient D for �pn;mi deprived from
the 3=�2�t� contribution in the mass conservation equation and
including this term in the momentum conservation equations which
involve�un;mi and�vn;mi . Equation (17) can be solved at a very low
cost per iteration using a simple point-Jacobi (PJ) relaxation
method. Denoting l the iteration counter associated with this
method when Eq. (17) is iteratively solved to obtain wn;m�1 from
the known wn;m and introducing ���l� � ��l� � �n;m, the PJ–BDF–
ALE–AC procedure reads

�w�0�i � 0

8<:
l� 0; lmax � 1

�w�l�1�i � �Dn;m
i ��1

�
�Rt

i�wn;m; xn�1; sn�1� � 1
2j�ij

P
k

��FEo�i;k���l� � ni;kj�i;kj �
P
k

Cn;mi;k �w
�l�
o�i;k�

�
wn;m�1i �wn;mi ��w�lmax�

i

(19)

C. Solver Validation

The solver presented in the previous section is validated by
computing incompressible unsteady laminar flows over pitching and
heaving airfoils which were recently studied by Kinsey and Dumas
[14]. The airfoil flow computations presented in [14] were performed
using a conventional pressure-based solver implemented in a
commercial solver on very fine grids and with a very small time step
to ensure time and grid convergence and allow a fine analysis of the
flowfield. These computations will therefore be retained as first
reference data and the ability of the proposed PJ–BDF–ALE–AC to
provide similar results will be established in the present section.

1. Test-Cases Description

The geometry under study is a NACA0015 airfoil submitted to a
pitching motion and/or a heaving motion. These prescribed motions
are defined by the following laws of evolution for the pitching angle
��t�, around an axis located at one third of the airfoil chord, and the
vertical position y�t�:8<: ��t� � �0 sin�!t�y�t� �H0 sin

�
!t� 	

2

� (20)

where �0 and H0 are, respectively, the pitching and heaving
amplitudes, ! is the angular velocity. The reduced frequency f� is
defined as f� � fc=U1, where U1 is the freestream velocity. The
first test case (PH) combines pitching and heaving motion with
�0 � 60
, H0 � 1 and f� � 0:18. The second test case (PP)

corresponds to a pure pitching motion with �0 � 23
, H0 � 0 and
f� � 0:12. In both cases, the Reynolds number based on the
freestream conditions and the airfoil chord is equal to Re� 1100
hence the flow is assumed laminar.

2. Numerical Parameters

The computational mesh displayed in Fig. 1was generated so as to
be similar to the grid used in [14] since both the proposed PJ–BDF–
ALE–AC solver and the commercial solver used by Kinsey and

Dumas are second-order methods on unstructured triangular grids.
Thismesh counts 32,000 cells, with 360 points set on the airfoil and a
near body resolution tailored to satisfy the criterion y2p�U1=
1��
�1, where yp is the distance from the wall to the first adjacent cell
centroid and � is the minimal edge length on the airfoil. The
enforcement of this criterion combines a low-cell-Reynolds number
and a moderate cell aspect ratio near the airfoil surface to ensure
solution accuracy. The AC parameter � is constant and equal to five;
this value was retained as offering a good tradeoff between accuracy
and efficiency after a careful assessment of the flow solver on several
incompressible reference flows (this study is not reproduced for the
sake of conciseness and because the focus of the present work is on
the TSM approach applied to the AC solver, not on the AC solver
itself).

For each case, 520 physical time steps per period or cycle are used
corresponding to a fixed nondimensional value of �t� 1:06�2 and
�t� 1:16�2 for the PH an PP test cases, respectively. The local DTS
is computed as��n;mi � CFLmax�hi=��E�n;mi ; h2i =�2�V�n;mi �with hi
a characteristic length of the cell �i, �

E and �V the spectral radii of
the inviscid and viscous Jacobian matrices and CFL the
multiplication factor of the characteristic time step chosen as large
as possible,CFL� 106, to ensure fast convergence to the dual steady
state through the use of very large values for��n;mi . At each physical
time step, 100 dual-time iterations are performedwith 16 iterations of
the PJ method to solve Eq. (19). The residual drops by three to four
orders of magnitude for all the time instants of a cycle; it has been
checked that this criterion is sufficient to obtain converged results
(global aerodynamic coefficients, wall distribution, fields).

Fig. 3 PP test case: a) CX evolution computed using the present BDFmethod and b) CY evolution computed in [14] and using the present BDFmethod.
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The computation is started with a uniform pressure and velocity
flowfield; six (respectively four) cycles must be computed for PH
(respectively PP) before flow periodicity is fully achieved. A
variation of the mean aerodynamic coefficient inferior to 0.2%
between two consecutive cycles is the criterion typically used to
ensure a fully periodic flow is obtained. All the PJ–BDF–ALE–AC
results displayed hereafter correspond to the seventh cycle for PH
and fifth cycle for PP and will be labeled BDF from now on.

3. Results

The comparisonwith the reference results [14] is performed on the
force coefficients, more precisely on the CY coefficient which is the
only onemade available byKinsey andDumas. TheCX coefficient is
also presented for future comparison with the TSM approach.
Figure 2 presents the computed CX and CY coefficients over the
normalized time period for the PH test case; note only one out of eight
physical time steps are plotted for the present BDF computations.
Similar results obtained for the PP test case are plotted in Fig. 3. The
agreement between [14] and the present BDF results is globally very
good. A slight difference on the CY prediction can be observed in
Fig. 2 for the PH problem. Further grid and time refinement did not
modify the present BDF results which will consequently be retained
as reference data, against which the TSM approach developed in the
next section will be compared, both in terms of accuracy and
efficiency.

III. AC and TSM

The present section explains how the time spectral method,
essentially used up to now in the context of compressible flows for
structured grid computations, can be combinedwith the unstructured
AC solver described in the previous section. The straightforward
application of the TSM for the ALE–AC system is first explained;
next, the method of resolution of the AC–ALE TSM discretization is
described and the necessary modifications to perform on the implicit
treatment are detailed.

A. TSM Discretization of ALE–AC System

Taking advantage of the time periodicity ofw, the solution vector
can be decomposed into a Fourier series:

w �
X�1
k��1

ŵk�x�eik!t (21)

where ! is the pulsation of the periodic phenomenon related to the
period T by!� 2	=T. The complex number i is underlined to avoid
confusionwith the cell index i. In practice, the solution is represented
with a finite number of harmonics N:

w �
XN
k��N

ŵk�x�eik!t (22)

The Nyquist–Shannon theorem [31] states that the kth Fourier
coefficient ŵk with �N 
 k 
 N can be accurately computed with
2N � 1 time instances evenly distributed over the time period:

ŵ k�x� �
1

2N � 1

X2N
n�0
wne

�ik!n�t (23)

with wn � w�tn � n�t� and �t� T=�2N � 1�. The main idea of
the TSM [4] is then to look for these solutionswn in order to retrieve
the solution at any time t in the period using Eq. (22). The space-
discretized ALE–AC system at time instance tn reads

K
@wn
@t
�R�wn; xn; sn� � 0 (24)

where w� fwig is the set of solution values in all the grid cells and
R� fRig is the set of residual values computed in all the grid cells,
which depends nonlinearly onw. From now on,wi;n will denote the
solution at the grid point i and the nth time instance tn in the period.

Using the Fourier decomposition Eq. (22) ofwn into Eq. (24) leads to
2N � 1 equations (one for each wave number) in the frequency
domain:

K
XN
k��N

i k!ŵke
ik!n�t � R̂�ŵk; x̂k; ŝk� � 0 (25)

The operator R̂ could be directly computed from ŵk but, because of
its nonlinearity, this would involve complex series of convolution
becoming massively time consuming [3]. Using Eq. (23) allows to
cast system (25) back into the time domain and to retrieve the original
residual vector R because of the bijective property of the Fourier
transform

KDt�wn� �R�wn; xn; sn� � 0 (26)

where Dt�wn� is the spectral derivative with respect to time that
couples the wave numbers. The spectral time operator expressed in
the time domain becomes

Dt�wn� �
XN
p��N

dpwn�p (27)

In Eq. (27) the subscript n� p must be understood as expressed
modulo 2N � 1 to get the corresponding positive subscript. For
instance w�N � wN�1. The dp coefficients are given by

dp �
(
	
T
��1��p�1� csc

�
	p

2N�1

�
if p ≠ 0

0 if p� 0

(28)

Since the spectral time derivative depends on the whole set of
solutions wn�p with p ranging from �N to N, system (26) must be
written for each time instance in the period:

KDt�wn� �R�wn; xn; sn� � 0; 0 
 n < 2N � 1 (29)

B. Resolution of TSM–ALE–AC System

The nonlinear system of Eq. (29) is iteratively solved through a
dual-time-marching strategy, that is looking for the steady state with
respect to � of the following system:

@wn
@�
��Rt

n�w; xn; sn�; 0 
 n < 2N � 1 (30)

where the total residual is defined as Rt
n�w� � KDt�wn� �

R�wn; xn; sn� for the TSM approach. The 2N � 1 steady values wn
are coupled through the spectral approximation Dt�wn� of the
physical time derivative. Let us denotewmn the intermediate value of
wn at the mth iteration of the dual-time evolution to a steady state.
Using a simple first-order Euler explicit discretization for the dual-
time derivative, the steady state is reached by iteratively solving

�wmn
��mi;n

��Rt
n�wm; xn; sn�; 0 
 n < 2N � 1 (31)

where�wmn �wm�1n �wmn and��mi;n is the local (dual) time step in
cell i of the grid associatedwith the time instance tnwithin the period.
Note that, in the present study, the 2N � 1 grid positions and
velocities are a priori known from the prescribed grid motion. In
particular, the velocity sn is calculated with Eq. (9) at time tn
Adapting to the presentAC system the stability analysis conducted in
[5] for TSM compressible flow computations using an explicit
formulation similar to Eq. (31) leads to the following CFL-like
stability condition for the choice of ��mi;n:

��mi;n � CFL
hi

k�kmi;n � N!hi
(32)

with hi a characteristic length of the cell i in the computational grid,
k�kmi;n the spectral radius of the Jacobian matrix associated with the
inviscid AC system at time instance tn andCFL 
 1. Looking for the
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solution of a steady incompressible flow, the matrix K would be
equal to zero and the preceding condition would not include the
N!hi contribution. When the explicit TSM scheme is applied to
obtain the solution of a periodic incompressible flow with either a
high frequency (!� 1) and/or a high number N of harmonics,
condition (32) can become particularly restrictive. Using an Euler
implicit dual-time integration for integratingEq. (30) in each grid cell
i at each time instance tn allows the use of large DTSs, hence fast
convergence to a steady state independently of ! or N, but the
following implicit nonlinear TSM–ALE–AC problem must be
solved:

�wmi;n
��mi;n

��Rt
i;n�wm�1; xn; sn�; 0 
 n < 2N � 1 (33)

C. Implicit TSM: PJ–TSM–ALE–AC System

The full TSM residual is defined by Rt�w� �KDt�w� �R�w�
with the spectral difference operator Dt linear and the spatial
discretization operator R formally unchanged with respect to the
BDF approach. Following a line of work similar to that described for
the BDF approach, the TSM residual at dual-time levelm� 1 can be
approximated as follows:

Rt
i;n�wm�1� �Rt

i;n�wm� �KDt��wmi;n�

� 1

j�ij
X
k

�
�H�i��i;k�;n

�
mj�i;kj (34)

where the flux increment balance�H�i� is computed using Eqs. (15)
and (16) previously introducedwhen deriving the BDF implicit stage
but now applied with the variable increment�wmi;n instead of�w

n;m
i .

Expanding this flux increment balance and the spectral
approximation of the physical time derivative with Eqs. (27) and
(28) leads to the following implicit relationship, where the terms
depending on�wmi;n have been gathered in the left-hand side (LHS):�

1

��mi;n
�
X
k

Cm�i;k�;n

�
�wmi;n ��Rt

i;n�wm�

� 1

2j�i;nj
X
k

��FEo�i;k�;n�m � n�i;k�;nj��i;k�;nj

�
X
k

Cm�i;k�;n�w
m
�o�i;k��;n � K

XN
p��N

dp�w
m
i;n�p (35)

with the scalar coefficients Cm�i;k�;n defined by

Cm�i;k�n �
1

j�i;nj

�
1

2
��JE?� � g��JV?��m

�i;k�;n
j��i;k�;nj (36)

and d0 � 0 in the spectral time derivative so that there is no
contribution of this term to the preceding LHS. Following the
strategy adopted to solve the BDF–ALE–AC system, a PJ strategy
could be applied to obtain an iterative solution of the preceding
TSM–ALE–AC system. However, a significant difference arises

when going from the BDF to the TSM system: while the BDF
formula strengthens the diagonal dominance of the linear system
associated with the implicit stage, the TSM formula introduces only
off-diagonal terms which lead to a loss of diagonal dominance. This
issuewas pointed out by Su andYuan in [8] and the problemwas then
fixed by using the GMRES solver of Saad and Schultz [32] to solve
the implicit TSM system. Woodgate and Badcock [7] also highlight
the performance reduction of their Krylov linear solver due to the loss
of diagonal dominance for the matrix of the implicit system. In the
present work, a simple fix is adopted: the LHS coefficient of�wmi;n in

system (35) is modified to include the contribution K
Pp�N

p��N jdpj,
which is sufficient to ensure the diagonal dominance of the implicit
stagewith only a limited impact on its efficiency. System (35) is then
iteratively solved using a simple PJ relaxation technique, yielding the
following PJ–TSM–ALE–AC system:

�w�0�i;n � 0

8>><>>:
l� 0; lmax � 1

�w�l�1�i;n � �Dm
i;n��1�

�Rt
i;n�wm� � 1

2j�i;nj
P
k

��FEo�i;k�;n��l� � n�i;k�;nj��i;k�;nj �
P
k

Cm�i;k�;n�w
�l�
�o�i;k��;n � K

P
N
p��N dp�w

�l�
i;n�p

�
wm�1i;n �wmi;n ��w�lmax�

i;n

(37)

with the modified diagonal coefficient Dm
i;n � 1

��m
i;n
�
P

kC
m
�i;k�;n�

K
P

N
p��N jdpj.

IV. Assessment of TSM Against BDF

The preceding PJ–TSM–ALE–AC method is now applied to the
computation of the test problems PH and PP and its results are
compared with those obtained using the PJ–BDF–ALE–AC
approach. To the best of our knowledge, the only previous
application of TSM to the AC system for incompressible laminar
periodicflowhas been performed by Jameson [13], butwith a limited
success since stability concerns were encountered for high frequency
and/or large number of harmonics. In the present study, the
convergence of TSM to a steady state will be first analyzed when the
number of modes N is varied for accuracy purpose. The reference
BDF strategy and the newly developed TSM approach will then be
discussed in terms of accuracy: in particular, the number of modes
needed to achieve a sufficient level of accuracy will be investigated
for test problems PH and PP. The potential efficiency gain offered by
TSM with respect to BDF will be finally assessed.

A. Convergence of TSM Approach

The convergence of Eq. (37) to a steady state is monitored by
plotting the pressure residual defined as the root mean square (RMS)
of the residual operator Rt�w� first component, computed in all the
grid cells and averaged by the number of time instances over the
period:

res mav �
1

2N � 1

X2N
n�0

������������������������������
1

Ncell

XNcell

i�1

�pm
2

i;n

��m
2

i;n

vuut
This quantity is normalized by its value at the first iteration to
facilitate the comparison between calculations performed with
different values for the number of harmonicsN. All the computations
make use of lmax � 16 for the implicit PJ solver and CFL� 106 for
computing the DTS ��mi;n with Eq. (32). The AC parameter � is the
same as in the previous BDF calculations (�� 5).

The convergence histories displayed in Fig. 4 demonstrate the
convergence rate of the TSM solver to a steady state depends only
weakly on the number of modes N: for test case PH, less than 4000
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Fig. 4 Convergence history for the PJ–TSM–ALE–ACmethod: a) PH test problemwith increasing number of harmonics (N ranging from 2 to 16) and

b) PP test problem with increasing number of harmonics (N ranging from 4 to 22).

Fig. 5 PH test case. Comparison of a) CX and b) CY coefficients computed using BDF and TSM with an increasing number of harmonics.

Fig. 6 PP test case. Comparison of a) CX and b) CY coefficients computed using BDF and TSM with an increasing number of harmonics.
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iterations are needed to achieve a residual decrease by four orders of
magnitude while a bit less than 3000 iterations are sufficient for test
case PP, whatever the value ofN. The cost of an iteration depends of
course on the value ofN but this point will be discussed at the end of
the section after analyzing the accuracy of the TSM solutions.

B. Accuracy of TSM Solutions

The accuracy of the TSM solutions will be first assessed in a
qualitative way by comparing the steady solutions of the PJ–TSM–

ALE–AC system obtained for an increasing number of harmonics
with the previously computedBDF solution. This comparisonwill be
performed on the evolution of the global force coefficients CX, CY
over a cycle both for the PH and PP test problems. Next the computed
wall pressure distribution over the airfoil and pressure contours at
selected instants within the period will also be compared. A more
quantitative error analysis between TSM and BDFwill be eventually
proposed and conclusions regarding the potential efficiency gain
offered by TSM with respect to BDF will be drawn.

1. Global Aerodynamic Coefficients

Figures 5 and 6 display theCX andCY coefficients computed using
the TSM approach with an increasing number of harmonics for the
PH and PP flow problems, respectively. These evolutions over a
period are plotted along the previously computedBDF results, whose
accuracy was checked with respect to [14]. Let us recall the BDF
computations use 520 physical time steps per period and require

about four (respectively six) cycles before reaching a periodic
solution for the PH (respectively PP) flow problem. The TSM
evolutions are reconstructed from the computed wn fields for any
time in the period using the truncated Fourier series representation of
the flow solution. For the PH test problem, the computed evolution
using TSM with N � 2 and N � 4 significantly differs from the
reference result; very small differences between the BDF and TSM
evolution remain with N � 8 but both evolutions appear
superimposed with N � 16. For the PP test problem, the computed
evolution of CX and CY using TSM with N � 4 and N � 8 display
significant differences with the reference result; with N � 16 there
are still some very small discrepancies while with N � 22 the BDF
and TSM results appear as superimposed.

2. Wall Pressure Distributions and Pressure Fields

Two moments within the period are retained for a closer
comparison of the computed flowfields: t=T � 0:25 and t=T � 0:45.
For each of these moments, the wall pressure coefficient distribution
obtained by usingBDFandTSM�N� is plotted, respectively, in Fig. 7
and 8 for test problem PH. Let us recall these pressure distributions
are reconstructed at each grid point i from the computedwi;n values,
applyingEqs. (22) and (23) in each grid cell. For the PHcomputation,
the already very good agreement between BDF and TSM(8) and the
almost perfect match between BDF and TSM(16) wall distributions
are clearly visible. For test problem PP, the wall pressure coefficient
distribution obtained by using BDF and TSM�N� is plotted,

Fig. 7 Flow problem PH. Reconstructed TSM�N� wall pressure coefficient at time t=T � 0:25 for an increasing number N of harmonics. Comparison

with the reference BDF distribution.
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respectively, in Figs. 9 and 10. The match is already very good with
N � 16 and almost perfect when N � 22. The similarity involving
BDF and TSM(8) and TSM(16) wall distributions is confirmed on
the pressure contours displayed in Fig. 11, and the similarity
involving BDF and TSM�N� is confirmed on the pressure contours
displayed in Fig. 12.

3. Quantitative Error Analysis

The RMS error on the CX force coefficient is defined as:

�RMS�CX� �

������������������������������������������������������������������������������������
1

N�t

XN�t

k�1

��CX�TSM�N��tk� � �CX�BDF�tk�
��CX�BDF

�
2

vuut
where the values of the CX coefficients at times tk in the flow cycle
and the amplitude �CX of the CX variation are readily available for
the BDF computation while the values of CX corresponding to the
TSMcomputation are obtained by reconstruction of theflow solution
using a truncation Fourier series with N harmonics. The RMS error
on the CY force coefficient is similarly defined. These errors are
plotted as a function ofN in Fig. 13 to conclude on the best choice of
N: the number of harmonics must indeed be taken large enough to
ensure the computed TSM solution is sufficiently accurate with
respect to the usual BDF solution but not unnecessarily large since
the gain expected from the TSM approach with respect to the BDF
strategy is a cost reduction rather than an increased accuracy.

Consistently with the previous graphical comparisons between BDF
andTSMsolutions, the error levels achieved on test problemPH for a
given number of harmonics are much lower than the errors levels
obtained on test problem PP. For test case PH, the RMS error on CX
and CY drops below the 1% level for N � 8 while N � 16 is needed
to fulfill this same criterion for test case PP.

C. Efficiency of TSM Approach

The global computational cost of the usual BDF approach can be
expressed as:

C BDF � N�t � Ncycles �mBDF
max � lmax � Ncells � cBDFu

where N�t is the number of physical time steps used to describe a
flow period or cycle, Ncycles is the number of cycles to be computed
before a periodic solution is actually reached,mBDF

max is the number of
dual subiterations used at each physical time step to reach the dual
steady state, lmax is the number of iterations used with the PJ
relaxation method,Ncells is the grid size and c

BDF
u is the unit cost (per

point and per iteration) of the PJ–BDF–ALE–AC method.
Meanwhile, the global computational cost of the newly proposed
TSM approach is expressed as:

C TSM�N� � �2N � 1� �mTSM�N�
max � lmax � Ncells � cTSMu �N�

Fig. 8 Flow problem PH. Reconstructed TSM�N� wall pressure coefficient at time t=T � 0:45 for an increasing number N of harmonics. Comparison

with the reference BDF distribution.
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where (2N � 1) is the number of time instances retained to describe
the flow period, mTSM

max is the number of iterations on the dual time
needed to drive the PJ–TSM–ALE–AC system to a steady state, lmax

is the number of iterations used with the PJ relaxation method, Ncells

is the grid size and cTSM�N�u is the unit cost (per point and per iteration)
of this PJ–TSM–ALE–AC method. Since lmax is the same for BDF
and TSM, the cost ratio between TSM�N� and BDF used with the
same computational grid reads:

��
CTSM�N�

CBDF
� �2N � 1�
N�t � Ncycles

�m
TSM�N�
max

mBDF
max|������������������{z������������������}

�1

� c
TSM�N�
u

cBDFu|��{z��}
�2

where, for the given flow solver described and used in this work, the
contribution �1 depends on the flow problem only while the
contribution �2, ratio of the unit costs associated with the TSM�N�
and BDF methods, depends on the numerical implementation of
these methods into the computer code in use. In the present study, the
same number N�t � 520 of physical time steps per cycle has been
used for PH and PP as well as the same number of dual subiterations
mBDF

max � 100. As far as global cost is concerned, and regardless of the
accuracy issue for the time being, the PH and PP test cases differ by
the number of cycles needed to achieve fully periodic flow

(NPH
cycles � 6 while NPP

cycles � 4) and the typical number mTSM�N�
max of

iterations on � needed to achieve a steady state for the TSM

computations. This number is roughly mTSM�N�
max � 3300 for PH and

mTSM�N�
max � 2800 for PP, whatever the number of harmonics N (see

Fig. 4). Consequently the global cost ratio for TSM and BDF
strategies is given, for test case PH, by

�PH ��PH
1 �N� ��2�N� � �0:010577 � �2N � 1�� ��2�N�

(38)

and for test case PP by

�PP ��PP
1 �N� ��2�N� � �0:01346 � �2N � 1�� ��2�N� (39)

The unit cost ratio between the TSM approach and the BDF method
should display a weak dependency only on the number N of
harmonics, on one hand through the extra terms introduced by the
spectral time approximation and on the other hand through the extra
cost that might be induced by the memory access associated with the
large-scale TSM systems which couple 2N � 1 systems of
conservation laws. Ideally, with nomemory issues, onewould expect
�2�N� to remain close to unity whatever the value of N. In practice,
the ratio of the TSM�N� and BDF unit costs has been numerically
estimated as a linear function of N (which is implementation-
dependent)

�2�N� � 0:8208� 0:0925 � N (40)

Fig. 9 Flow problem PP. Reconstructed TSM�N� wall pressure coefficient at time t=T � 0:25 for an increasing number N of harmonics. Comparison

with the reference BDF distribution.
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Figure 14 displays the evolution of the global cost ratio for PH and
PP, given, respectively, by Eqs. (38) and (39), with the measured unit
cost ratio �2�N� given by Eq. (40), in which case �PH and �PP vary
quadratically withN, or with an ideal unit cost ratio roughly equal to

1, in which case the variation of �PH and �PP remains linear with
respect toN. Though ideal, this latter case provides an upper limit for
the number of harmonicsN that might be used by the TSM approach
before its computational cost exceeds that of the BDF approach.

Fig. 10 Flow problem PP. Reconstructed TSM�N�wall pressure coefficient at time t=T � 0:45 for an increasing numberN of harmonics. Comparison
with the reference BDF distribution.

Fig. 11 Flow problem PH. Reconstructed TSM pressure field (N � 16) at time a) t=T � 0:25 and b) t=T � 0:45.

802 ANTHEAUME AND CORRE



It can be observed in Fig. 14 that the measured value of �PP reaches 1
for N � 16 while �PH remains below 0.8 for this same number of
harmonics. With an improved implementation allowing to reduce
the growth of the unit cost �2 with N, the global cost ratio � could
remain below 0.5 for N � 16.

The key point of the present efficiency analysis is reached when
crossing the evolution of ��N� given by Fig. 14 with the accuracy
assessment summarized on the RMS errors for CX and CY plotted in
Fig. 13. The RMS errors on these aerodynamic coefficients are
plotted against the global efficiency ratio � in Fig. 15: the solid lines
correspond to the measured evolution of �PH and �PP while the
dashed lines correspond to the ideal evolution where the unit cost
ratio �2 would remain roughly equal to 1. From the previously
performed accuracy analysis, the BDF and reconstructed TSM
solutions were found to be almost coincident when the normalized
RMS error on CY dropped below 1%, corresponding to a number of
harmonics N � 8 for the PH case and N � 16 for the PP case.
Retaining this same criterion, it can be observed in Fig. 15 the TSM
approach provides a solution as accurate as the conventional BDF
strategy for an overall cost divided by five when computing the PH
case; meanwhile, for the PP case, the larger number of harmonics
needed by the TSMapproach to provide the same level of accuracy as
BDFdoes not allow to reduce theCPUcost, with �PP � 1 forN � 16.
An improved implementation of the TSM approach could make the

Fig. 12 Flow problem PP. Reconstructed TSM pressure field (N � 22) at times a) t=T � 0:25 and b) t=T � 0:45.

Fig. 13 RMS error of the normalized difference between the a) CX and b) CY coefficients computed using the reference BDF strategy with N�t � 520

iterations per cycle and the TSM�N� strategy with increasing N.

Fig. 14 Evolution of the global cost ratio �� CTSM�N�=CBDF between

TSM�N� and BDF with an increasing number N of harmonics for
TSM�N�. Solid lines: measured cost ratio for the PH and PP test cases.

Dashed lines: ideal cost ratio with aTSM�N� implementation of unit cost

�2 roughly equal to the unit cost of the BDF approach.
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method attractive even for the PP test case, with an ideal
computational cost ratio that could go down to 0.5 forN � 16 in that
case. The analysis of the TSM efficiency has been focused on the
achievable CPU gain using the steady computation of a reduced
number of modes within a flow period instead of a full unsteady
computation over several cycles. It must be pointed out, however, the
TSM method is also more demanding memorywise than the BDF
strategy since it requires to store �2N � 1� � Ncells unknown states at
each step of the steady-state convergence process against Ncells

unknown states for the BDF method at each step of the time-
marching process.

V. Conclusions

The TSM method has been successfully applied to the
computation of periodic incompressible flows over airfoils using
an AC formulation within an ALE framework on general unstruc-
tured grids. As pointed out by previous authors [6–8], the implicit
treatment of the large-scale TSM system, coupling (2N � 1) systems
of conservation laws with N the number of harmonics retained to
describe the periodic flows under study, is crucial to ensure the
efficiency of the TSM method with respect to a conventional BDF
formula. In the present work, an implicit formulation of the TSM
method has been derived from a simple matrix-free treatment
previously developed in the context of compressible flows and
readily applicable to the AC system. Special care has been taken to
ensure the diagonal dominance property of the TSM implicit stage,
with a simple modification of the diagonal contribution which does
not significantly affect the convergence of the implicit solver to a
steady state. A basic point-relaxation technique has been retained to
solve the linear system associated implicit TSM scheme for a very
low cost per iteration which makes up for the reduced intrinsic
efficiency of the method (a few thousand inexpensive iterations are
needed to achieve steady state). The computation of low-Reynolds
periodic flow over a pitching and heaving NACA0015 airfoil has
demonstrated that between N � 8 and N � 16 harmonics are
required by the TSM method to accurately represent these two-
dimensional unsteady flows. This coarse representation of the flow
cycle offered by the spectral formula used for discretizing the
physical time derivative combined with an efficient solution of the
steady solution for the TSM system coupling the (2N � 1) selected
unknown fields within a flow period has allowed a substantial gain of
CPU time for the computed pitching and heaving test case over a
NACA0015 airfoil: a level of accuracy on the flow solution over a
period comparable to that offered by a conventional BDF time
integration was achieved using an overall CPU time divided by a
factor five. Note, however, no reduction was observed using

TSM�N� for the pure pitching test case at a lower reduced frequency
because twice as many harmonics (16 instead of 8) were needed in
that case to achieve an accuracy level similar to that of the BDF
approach. To make the TSM approach computationally attractive
even when a rather large number of modes are required to achieve a
sufficient level of accuracy, ongoing work is devoted on one hand to
the optimal implementation of the method so as to reduce as much as
possible the growth of the unit cost ratio�2 whenN increases and on
the other hand to the efficiency improvement of the implicit solver
with respect to the PJ method used in the present study in order to
potentially reduce both �1 and �2. Efficient relaxation strategies
proposed for instance in [33] will be investigated in this perspective.
Our current research is also focused on strategies allowing an
automatic determination of the number of harmonics to be used with
the TSM approach for ensuring a prescribed accuracy level.
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